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ON THE STABILITY OF A TIME
DEPENDENT BOUNDARY LAYER.

S. R. Otto*
ICASE, Mailstop 132c, NASA Langley RC,
Hampton, VA 23681-0001, USA.

ABSTRACT

The aim of this article is to determine the stability characteristics of a Rayleigh
layer, which is known to occur when the fluid above a flat plate has a velocity im-
parted to it (parallel to the plate). This situation is intrinsically unsteady, however
as a first approximation we consider the instantaneous stability of the flow. The
Orr-Sommerfeld equation is found to govern fixed downstream wavelength linear per-
turbations to the basic flow profile. By the solution of this equation we can determine
the Reynolds numbers at which the flow is neutrally stable; this quasi-steady approach
is only formally applicable for infinite Reynolds numbers. We shall consider the large
Reynolds number limit of the original problem and use a three deck mentality to de-
termine the form of the modes. The results of the two calculations are compared, and
the linear large Reynolds number analysis is extended to consider the effect of weak

nonlinearity in order to determine whether the system is sub or super critical.

* Research was supported by the National Aeronautics and Space Administration under NASA contract
No. NAS1-19480 while the author was in residence at the Institute for Computer Applications in Science

and Engineering (ICASE), NASA Langley Research Center, Hampton, VA 23681




§1 Introduction

The main thrust of boundary layer stability calculations have involved spatially
evolving problems. Relatively little work has gone into the stability of temporally
developing layers, one such situation is the topic of this paper, that of an impulsive
flow over a flat plate.

The calculation to determine the linear stability of the system considered here is
initially attempted using a quasi-steady approach where the flow is frozen at a certain
time. This yields an Orr-Sommerfeld equation, the solutions of which were discussed
for a variety of flows by Tollmien (1929) and Schlichting (1933), using homogeneous
assumptions in the temporal and downstream coordinates. Unfortunately the true
system governing what we shall refer to as Tollmien-Schlichting waves is not uniform
for a general boundary layer. An attempt to remedy this deficiency was proposed for
the Taylor-Géortler problem by Smith (1955). These ideas were extended by Bouthier
(1973) and Gaster (1974), where extra terms were added to appreciate for the boundary
layer’s growth; although it was noted by Gaster that this only amounted to a successive
approximation technique. It was in the work of Smith (1979 a) that a more formal
asymptotic treatment of the problem was proffered for large Reynolds numbers. Smith
used a triple deck structure to describe the linear development of fixed frequency
Tollmien-Schlichting waves within a growing boundary layer, specifically a Blasius
layer. It was found that the boundary layer growth altered the higher order terms in
the expansions of various wave characteristics within this structure. The inclusion of
these terms may be stabilising or destabilising depending on which quantity is taken
to be representative of the perturbations intensity.

Some studies have been made of the stability characteristics of unsteady bound-
ary layers, although most of the cases have involved temporal periodicity. In these
problems either a quasi-steady approach or Floquet theory can be used. In Kerczek
& Davis (1974) the linear stability of a Stokes layer on a flat plate is discussed, i1 this
problem, waves that develop quickly compared to the temporal scale of the basic state
are considered, as is the case in Cowley (1986). In Hall (1975) a study was made of
unsteady flows about cylinders, and in Seminara & Hall (1976) the Taylor problem is
considered where the inner cylinder is taken to oscillate periodically with time. The
work of Di Prima & Stuart (1975) regards the Taylor problem for eccentric cylinders
(which corresponds to a journal bearing). In Otto (1993) the stability of a boundary




layer at an infinite cylinder is discussed. The cylinder starts to spin up and vortices
are generated by an axisymmetric element of wall roughness; these may lead to some
kind of transition. In Duck (1990) the unsteady triple deck equations were solved for
the flow over a small hump on a flat plate.

In the current problem the basic state depends on the normal and temporal coor-
dinates, so it is natural to solve an unsteady problem. This situation is fully parallel
so there is no need to make any assumptions about the spatial evolution of the basic

state. After a time t;, we may define the boundary layer Reynolds number as,
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based on the viscous layer’s thickness. The velocity imparted to the fluid is Uy,
and its kinematic viscosity is v. In the viscous layer (which may be shown to have
thickness (z/t)%), the basic state is found to be similar in time and is given by an error
function. This is accreditable to the large Reynolds number assumption; at finite
Reynolds numbers the unsteady equations need to be solved. We wish to consider the
susceptibility of this profile to Orr-Sommerfeld modes that evolve on short temporal
and spatial scales. As mentioned previously the approximation is made that we shall
‘freeze’ the basic profile. In an infinite Reynolds number flow this is formally correct
as there is no way information can propagate; but in the Orr-Sommerfeld method
the Reynolds number is retained as a finite parameter. In this paper we do not
wish to discuss the legitimacy of the Orr-Sommerfeld approach, it is just used as a
first approximation to the solution of the linear stability problem at finite Reynolds
number. For each time ¢y beyond a certain point (this corresponds to Reynolds number
Reo), this problem may be solved to obtain a real wavenumber and phase speed such
that the wave is neutral. Above this critical Reynolds number there are two neutral
values, and as the Reynolds number increases still further the behaviour of the wave
having the smaller wavelength is governed by a five deck structure, the critical layer
becomes distinct from the wall layer, due to the size of the phase speed. Our interest
is confined to the lower branch where the structure may be described using three
decks. An ample description of this structure can be found in Stewartson (1974). The
bulk of the boundary layer is referred to as the main deck, which at leading order is
inviscid and linear. In the proximity of the wall there is a fully viscous layer, this

region contains the critical layer of classical Orr—-Sommerfeld theory. Finally there
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is an upper deck which is external to the conventional boundary layer and enables
matching with the outer potential flow solution. A multiple scales technique is used
to resolve the growth of the boundary layer with time.

The temporal growth of the layer produces corrections to the eigenproblems for
the wavenumbers and phase speeds at a higher order. The triple deck solutions may
be compared with the Orr-Sommerfeld calculation in the regime of common validity,
that is where R, >> 1. In fact the corrections caused by the growth of the layer to
the ‘steady’ triple deck scenario occur in the third order equations, one order earlier
than those in Smith (1979 a). This is due to the different temporal and spatial scales
over which Tollmien—Schlichting waves develop.

The results of this calculation may be viewed in another sense. For a perturbation
wavenumber a, at each time ¢, we have a frequency Q. When the imaginary part of Q
becomes zero, the wave is instantaneously neutral. In the neighbourhood of this neutral
time we may develop a weakly nonlinear theory. A Stuart-Watson amplitude equation
can be derived, and using this we may determine whether the perturbations are sub
or super—critical, that is whether the nonlinearity has a destabilising or stabilising
effect on the situation. We shall also consider the interplay between the unsteady and
nonlinear effects, as was discussed for the Blasius problem by Smith (1979 b) and Hall
& Smith (1984).

The procedure adopted in the remainder of this paper is as follows, in section 2
the basic flow is derived and the quasi-steady problem is formulated. In section 3 the
linear triple deck problem is formulated and solved. In section 4 the weakly nonlinear
problem is derived and the nonlinear amplitude equation is given. Section 5 contains
details of the numerical solution of the linear problem. Section 6 includes discussion
of the effect of considering certain small but finite disturbances, and in section 7 some

brief conclusions are drawn.

§2 Derivation of the basic flow and the formulation of the quasi-steady problem

The problem is non-dimensionalised in the usual way and the unsteady three di-
mensional Navier-Stokes equations in cartesian coordinates become (with the temporal
scaling t ~ L /Uy for the Orr-Sommerfeld modes, where L is a typical lengthscale, and

t ~ L? /v for the basic state),

a_u+ a_u+ ?E_{_ ?ﬁ—__@+iv2
ot e Ty Y8z "8z "R,
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where R, is the Reynolds number defined as Uo, L/v, and V? is the Laplacian operator
in cartesian coordinates. The choice of the lengthscale L is discussed in section 5, but
it shall be taken to be the displacement thickness of the layer, as in Jordinson (1970).
In this section disturbances shall be considered to be two dimensional to facilitate
comparison between this work and that of Smith (1379 a), to this end it is assumed
that /9> = 0 and w = 0.

We require that the unsteady terms and viscous terms balance in the viscous layer,
this implies that this layer is of thickness (ut)%. In the non-dimensional coordinates

. 1 . . . . . .
this corresponds to ¢2. Thus we introduce a boundary layer similarity variable 7 given

by

|

n= (21)

N2
-

t

There is no flow in the normal direction, as can be seen from the equation of continuity

at leading order. Hence the basic state is governed by

d? 0
upg N 27] up _ 0,
an? on
along with the boundary conditions
up =10 at n =0, and ug — 1 as 7 — oo.

The solution of his system is given by

n
2
ug = ﬁ/e_"qu,
0

this is an error function.

Now in the context of an Orr-Sommerfeld equation we consider the instant sta-
bility of this profile, hence (2.1) now becomes 1 = y/ 2t0% , Where tp is a constant. We
suppose that any perturbation to the flow is independent of the order one temporal

scale.




The perturbations are considered to be travelling waves which evolve on the scale
L, thus the disturbance is proportional to exp (16 (x — ct)). The disturbance is taken
to be infinitesimal so that the resulting analysis is linear. As the perturbation is two
dimensional, a streamfunction formulation can be exploited, such that
0 0
_'/’, v=_9%
Jdy Oz
It should be noted that terms proportional 8¢/0t = 0 have been ignored, so that the

equation may be solved as an ordinary differential equation. The governing equation

is the conventional Orr-Sommerfeld equation namely,

9? 2 O*up _ 1 ot
“B‘”(a“y‘z“’)“’“ oy ‘“wm(

The boundary conditions imposed are those of no-slip at the wall, and the decay of

0
oy~ 2925!7 + 94) b. (2.2)

the disturbance as y — oo, this implies the wave is confined to the boundary layer.
This eigenvalue problem can be solved numerically employing the method discussed in
Malik, Chuang,& Hussaini (1982). The method uses a two-point fourth order compact
finite difference scheme based on a Euler-Maclaurin method. A stretched grid was used
so that resolution could be retained without using a prohibitive number of points. The
¢~ :ulations were checked by finding the eigenvalues of the adjoint system to (2.2). The

critical values were found to be
R.. = 2968.4, Q. =0.13340, 6. = 0.4255, c = 0.3135,

where 2 = fc. This point represents the smallest value of the boundary layer Reynolds
number at which the flow situation is linearly unstable to travelling waves of the type
considered herein. Plots of § and c against R, are given in figures 1 and 2 respectively.

These calculation were affected for tg = 1/4, so that y = n at that instance.
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Figure 1:Streamwise wavenumber versus R, Orr-Sommerfeld calculation
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Figure 2:Phase speed versus R,, Orr-Sommerfeld calculation

§3 Formulation and solution of the triple deck problem in the linear regime

In this section the structure of the the linear disturbances is described using triple
deck theory. As mentioned previously R, is assumed to be large; and ¢ = R, s <L 1lis
introduced. In classical Orr-Sommerfeld theory the typical wavelength of the neutrally
stable modes increases proportionally to Re% as R, > 1, see Stuart (1963). Stuart
confirms this asymptotic property with a Reynolds number based on boundary layer

thickness. Three distinct regions are considered, namely the upper, main and lower
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decks, scaled normally on €3, ¢, and €°

respectively. Further temporal and spatial
variables are introduced, that is T and X, given by, T = ¢ %t and X = ¢ *r. The
solutions are considered .n the three decks in terms of expansions involving powers of ¢
and Ine, as in Stewartson (1974). The disturbance is now considered to be proportional

to
T

E =exp | 60X —-i/ﬂ(q)dq
To
The disturbance is taken to have slowly varying frequency and constant wavenumber,

so that 8 and §2 are given by
9=01+€02+€21n603l,+6203+"', (31(1)

and
Qt) = Qi(2) + eQ2(t) + € In Q3 (2) + €Q3(t) + - - - (3.1b)

A multiple scales form for the temporal derivative is introduced,

0 0 . O

= —+€ ‘—. 3.2
o e aT (32)
Notice, that to determine the effects of unsteadiness the expansions need ounly go as
far as the fourth order terms not the fifth order terms as in Smith (1979 a), this occurs

due to the difference in scalings associated with the temporal and spatial variables.
§3.1 The Main Deck

The transverse coordinate in this layer is Y = O(1), where ¥ = ¢~ *y. The main
deck corresponds to the conventional R, : boundary layer. The basic flow in the layer
is given by the error function as shown in section 2. It should be noted that there is
no normal component of this velocity, as can be seen by considering continuity in this
layer in the absence of any disturbance. It may be shown that the basic flow has the

properties that,
up (£, Y) = A)Y + X3 (1) Y3 + O(Y®) as Y -0, (3.3a)

ug(t,Y)—1 as Y — oo, (3.30)




where it is known that A(t) = At~ 7, with A = 1/,/7. The perturbation to the basic

state in this layer takes the form,

U= [u. + eup + €2 lneusy + €2us + .. ] E,
v = [fv] + vy + Elnevsy + v + .. ] E,

p= [ep, + 62})2 +é Inepz, + 63p3 + ] E.

Notice that the logarithmic terms (characterised by subscript L), occur at one order
higher than in the corresponding expansions of Smith (1979 a). This is due to the
formof up as ¥ — 0 given by (3.3 a). This form of the disturbance is now substituted
mto the governing equations, and nonlinear terms are neglected. The operators M,
and M; are introduced, and are given by

v

EVR Mg(u,v)=i91u3u+véu—8

M] (u,v) = i91u + a}. )

where these are identical to those used in Smith (1979 a).

The equations in this layer are conceptually identical to those of Smith (1979 a),
except the order at which the logarithmic terms occur. In this deck thiere is no effect
from the multiple scales form to the order considered, so it is sufficient just to quote

the equations governing the logarithmic terms,
M (usp,vsr) +203Lu1 =0, My (uzp,vaL) +uptbaLu; =0, 0=——_"—.

The boundary conditions for the disturbances in this layer are given by matching with

the lower and upper decks, the solutions for this layer are considered in section 3.4.
§3.2 The Lower Deck

In this deck the order one variable 3 is introduced, defined by § = ¢~ %y. The lower
deck contains the wall layer and critical layer of classical Orr-Soramerfeld theory. The

wave in this deck expands as
U= [U] + Uy + € InelU; + €2U3 +.. ] E,
v= [szl +EVo+etlneVy, +€tVa + ] E,
p= [6P] + P+l nePy + 3P + .. ] E.

The basic flow is given by ug ~ egA(t) + €53 A3(t) + --- as can be seen from the
g y )

form of (3.3 a). From the normal momentum equition it may be shown that the

8




Py's (j = 1,2,3) are independent of §, but U; and V; are functions of § and t. Again

folloWing Smith (1979 a) the operators L; and L, are introduced, and are given by

) v o _ 0% u
Ly (u,v) = 161u + =, Ly(u,v,p) =2 (Agby — Q) u + Av +1bp — .
0y dy?

Again it 1s sufficient only to quote those equations that differ from those of Smith
(1979 a),
Ly (Usp,VsL) +183. Uy =0,

L, (U;;L,V:;L,Pu,) — Q. Uy + AG283,. Uy +163,. P, =0,
Ly (Us, V3, P3) — 1 (U2 + Q33U ) + A§i (6U2 + 63U,) + i (62 P, + 63 Py)
ol
at

The boundary conditions in this layer are those of no-slip at the wall and matching

=0.

+ A0 U + 35203 Vh +

with the main deck.
§3.3 The Upper deck
In this third deck a coordinate j is introduced, defined by y = €*§, where § is an
order one quantity, and the disturbance takes the form
u= [eﬁl + €2t + e lnedsy + a3 + .. ] E,
v= [eﬁl + €20, + S lnevy + €53 + ] E,
p= [6131 + e3Py + S lnepyp + p3 + .. ] E.

Here the basic velocity is almost the uniform flow solution that is
ug =1+ O(e).

In this layer all the flow quantities are functions of the slow time scale ¢t and §. The

operator D is introduced, defined by

62
D(p) = 3_371; - 6ip.

After some algebraic manipulation to remove the velocity components the governing

equations for the p.essure are obtained as,

D(p) =0, D (p2) = 26162p1,
D (p3r) = 26:93.p1, D (p3) = 26, (63p1 + 02p2) + 62 1.

9




The boundary conditions are those of matching with the main deck as y — 0 and
the requirement that the solution remains bounded as § — oo. Having set up these
equations they are now solved in each layer and the eigen problems are derived. It is
worth stressing at this point that there is no effect in the upper deck equations from
the unsteadiness (to the order considered). The unsteady derivatives are of a higher

order unlike the spatial derivative which occur in the diffusive terms, from

o 50\
(5;‘*‘ a_X) ¢

§3.4 Solutions of the main deck equations

The solutions of the first order equations in the main deck can be shown to be

. Oup
v = —16,Ayup, up = Ay Y m =P,

where Py = Py (t) and A; = A, (t) are unknown slowly varying amplitude functions.
The pressure in this deck will be matched with the pressure in the lower deck. Solutions
here are the same as those given in Smith (1979 a). The integrals H; defined in Smith
1979 a) are functions of r and Y, whereas here they are functions of ¢t and Y, also
obviously upg is the error function, rather than the solution to the Blasius equation.

The logarithmic solutions are given by,

R A6\ Oup
vz = —101 Aspup, p3L = P3,

§3.5 Solutions in the lower deck

To determine the behaviour of U; in this deck, we differentiate the leading order
equation of continuity with respect to the decks transverse coordinate, that is y, and
eliminate V;. It is required that the disturbance is bounded as § — oo, thus the

solution for Uy is found to be given by
Ure = B1Ai(¢§),

where




Ai(¢) is the Airy function and B, is an unknown function of ¢. Applying the no-slip

condition at § = 0 in the leading order equation, it is found that
BiAiLAS =6, Py, (3.4)

where subscript 0 corresponds to evaluation at £ = £ = —iHA"3, and a prime
denotes differentiation with respect to £&. The matching condition on the leading order
disturbance as § — oo (therefore as |£| — 00), is given by U; — AA,, thus it is found
that

Bik = MA,,

where -
"= / i (€) dé.
o

This yields the first relation between the pressure and the negative displacement, P,
and A; respectively, obtained by eliminating B; from the equation (3.4). Note that
these are effectively the classical critical layer equations, since, as noted previously on
the lower branch of the stability curve the critical layer coincides with the wall layer.
As can be seen from Smith (1979 a) similar techniques may be used to solve for the
higher order equations. The same solutions as Smith (1979 a) are obtained except the
unknown amplitudes are now functions of ¢, rather than z. The equation to be solved

at the next order is

U, U, ) 200, . 1 _2, OU;
‘55—63—5 = —il2A aa—£+z/\ (CA 3 +W>A 392¥a
which yields the solution
sz = ByAi + %OQOI—IBlAim + iauB]Ai,A_%.
The function U; satisfies
3U;; UL ) 20U, . TR 3] 2 OU,
- = — -3 -3 4 = ~50.; ——
e £ T Q3 AT3 5% +zA<£A +/\01)A 3L FT

which gives the solution,

1

038
3 ]

1

Uspe = BspAi+ 203107  ByAi" +iA™3 ( ~ Q3L) BiAi'A™E.

11




At next order the function Uj satisfies

63U3 6U3 2 6U2 2 aU]
_f— — I — — P,
663 a{ 'LQQA 6§ ZQ3A 3 6{

-2 — Q] 02 6U2 03 6U1
3 5 —_
+a (fA +Ael)(el % T o ac)

20 0 Al A3Q (e A\ O
4 §<<_+(T§_—0,T(Q—l_7)a_é))v‘)

/\3 /\39)

A3 +6 |4

z/\01 i (A8
- Uy

+ Z &4 5
J=0
which yields the solution
6U :
S =Y BiAi? + By f(¢),

1=0

where,

OAi Lo QP Ai (1 J"AI 3 *Ai 3Ai)

fO =0+ 35a T \7o8 206 V2

6/\3 ___ (6A1 // ) 6/\391 .
+ —A Aidéd Aidg,
zw] ¢t i(76,)? idg

where the limits of the integrations are £ to co. In this solution the terms included in

the # summation include those of Smith (1979 a) and the unsteady terms. The terms
included in the function f(£) are those associated with A3, that is the second order
mean flow quantity.

The B’s are given by,

0, A
/BO =B3, ﬂ] —01]B2+012.B] - G_B]all +A—%71B17
A-% 8B A 1 1 30, a
P2 = D) atl +a},B; - ):Bl, B3 = 3 (’YBI + 51‘(92B2 +63B;) - 021 2) y

é A 6,a
Bs = 1 (9331011 +011012) Ps = —15—1\31 Pe = 62712’

where v has been introduced, and is given by




The terms a9, a1, a; and a3 are given by

A3 2 - JQ] 33 Q] \? /\3 Q]
— —— 3 = — = — - —_ .
a = AT, A 2 TN (Ao,) ;@ = Al (AB,)

For brevity a;; and a; have been introduced, and are given by
0; é
ay); = —iA_g Lﬂl - Qj+1 and oy = —-iBl (t)
6 36,
Now applying no-slip conditions at the wall it is found that
. . 0,
1(01P2 + 02P]) = AgB?Ala + AE——'B;AI'"’ + anB]Aig,

638

1

203
i(0,P3L +03LP1) = AﬁBaLAi:) + A§ 3 B Ai, i +iA” 3 ( — QsL) BlAig,

2
of

i(6,Py +6,P; + 6;P,) = A3 Zﬁ,A (+1) 4 AlB, %"

i=0

Matching with the main deck yields

0
an - agAig - a“BlAio =X (Ag PlI -_ 93A1>

By K + O—BIA n_in-3 (Bth — Q3 | BjAip = A | Asp, — Py — 03—LA1
36, 0, 6,
6 o0
_2 i 2 . 2P . 6, H 03
B3k—A~3 ;ﬂimo 1_A3 /fd£ = (Aa _Pi- g I- EA2 + ngl —~ EAl) .
= Eo
(3.6)

The integrals occurring in the expressions (3.6) are given by

f=ﬁu;2(n)dn, and f=ﬁug3(ﬁ)dﬂ,
A A

where J is arbitrary and non-zero. The horizontal bar denotes that only the (Hadamard)
finite part is to be retained. We note that for small 1 the error function can be ap-

proximated by, A (n — /3 + 13/5), and hence I is given by

~ ~ 0

1 85\ — 123 l / 435 — 90n?

M\ 26(30- 1002 +35) T2 ) 30— 1072 + 39°
by

13




with a similar expression for I. In the numerical calculations the quantity Hooo— Hyoo—

I is found to be —0.2951‘2(2t% ), this is required in the second order eigenrelation given

by (3.8 b).
§3.6 The upper deck solutions and eigenrelations

The pressure equation in the upper deck yields the bounded solution
pr=Pe %9,

where P, = P, (t) is an unknown amplitude function. Now matching with the main

deck as y — 0 yields
P] =P1, 01}_)] =9%A1 (Eiﬂ,vlm),

where v1o, denotes the values of v; (the main deck normal velocity) as the decks
transverse coordinate (Y') tends to infinity. This provides the leading order eigenvalue

problem
102k = AAS ALY, (3.7)

This relationship determines the wavenumber in terms of the frequency and the skin

friction A. The higher order pressure functions may be determined, and are given by
p2 = (P2 — 6:P1g) e 9,
p3L = (PsL — 3. Prij) e 9,
p3 = (Ps — (03P, +6,P2) i + %03131372) e,
To match with the main deck, the unknown functions must satisfy
P, = P, — A2 H, o,

_ é
10, PiHyoo + 20111 A — 101A4A; =1A,0; — 1Py — iagpl,
1
Py = Py,
1031, P
6, °’
Py = P34+ 62 PiHyoo — 6, (6147 + 63 A1) Hyoo + 22,6, Ay Hyoo,

—01A3;, =i603,A) —iP3y —

14




i(92P1 + 01P2)H2°° - igzl’A]HSoo + Q1 Py Hgoo + 15U (A2 - 824, )

6,
: : 1 = 6P 6P
+iQA4; — 161 A3 = — (U = 02) V2o + (2 — 3) V1oo) — iP5 — it — 122
01 01 01
The higher order eigenrelations may now be obtained,
. A D -
D, — 0,6, 222 — ;62 (Hzoo — Hyo — I) + 260, (3.8a)
kAS
. AigD A3ty
O3, — Q310 = .8b
Débs. b7 6= (3.8b)
~ AywD
DBy — 036, = = i(ct.y + cbory +nut.), (3.8¢)
kA3
where D and D are given by,
K:Eo S 4, 2 QlAio
D=1+ —- d =i+ = .
tag =4 D 3’+3(mé)

In (3.8) c.t, denotes the terms that arise in conventional analysis; these are exactly
the same as those occurring in the third order terms of Smith (1979 a), as the non-
parallelism has no effect at this order. These terms can be directly determined from
(3.15 b) of Smith (1979 a). The terms c.t.), are those associated with the second
order basic flow terms and n.t. are the terms that arise due to the t-derivatives (that
is unsteadiness of the modes). Discussion of the solution of these eigenrelations is

included in section 5.

§4 Nonlinear theory for larger disturbances

We start by setting up the nonlinear problem for an unsteady triple deck. As in
the linear problem the scalings ¢ = X and ¢t = €T are introduced. In the Rayleigh
layer under consideration at the time station ¢, the flow field in the absence of any

disturbance is given by

v=ug(t,Y)+... ,

where up(t,Y) is given by the error function. It is also worth re-iterating at this

point that as Y — 0,

up(t,Y) = A@)Y + X (1) Y3 4.,
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where A(t) = (nt)_%.
The properties of the entire problem may now be determined by examining the
lower deck, the same transverse coordinate is used as in section 3.2, that is y = €°§,

where § = O(1). In the lower deck the flow is taken to be of the form,
u=(U(X,3,2,T;t),V(X,§,Z,T;t),eW (X,4,2,T;t),e*P(X,Z2,T;t)) .

This flow includes both the basic flow and any disturbance quantity. The fact that
the pressure P is independent of § is given by the wall normal momentum equation.

The governing equations in the deck are now found to be

ovu oU ovU oU orP U

5f+Uﬁ+V6_g+W6—Z—=—E)_X—+B_z?’ (4.1a)
ow ow ow ow oP W
6T+U6X+Vag +Waz——52+——ag2, (4.1b)
ou oV ow
a—X+-5§-+5-Z—-O, (4.1¢)
with boundary conditions
U=V=W=0 at y=0, (4.1d)
and,
U~Xg+A(X,Z,T)) as  § — oo. (4.1¢)

Here it is assumed that the spanwise component of the disturbance is confined to the
lower deck. From the upper deck equations we see that

9p 9*A

2- _ . _ - _
Vp=0, with p=P(X,Z,T) and 35 - oX2

at y=0

where ¥ is the transverse upper deck coordinate, and p is a function of X, y, Z and
T, and is bounded as § — co. Now consider a small perturbation to the basic state
(U=MXy,V=W=P=A=0) in the lower deck. The perturbation to this system is
taken to be of order h < 1. In Hall & Smith (1984) initially a bi-modal analysis was
considered and subsequently a multiple mode analysis, here a single mode is considered.
It is assumed that k is larger than any positive power of € so the governing equations

can be assumed to be given by (4.1) for all orders of k. In section 6, the problem
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involved in making h ~ €" is discussed, where unsteady effects occur at the same order

as nonlinear effects. The flow is now perturbed and taken to be given by

U=Aj+hU, + KU +h*Us +...

V=hVi+ Vo +h3Vs+... |,

W =hW, + W + B*W3 +...

P=hP, +R*P,+ Py +...

A=hA; +hA; + R34z +...

p=hp1+ R +hp3+...
The disturbance is considered to be proportional to E and its integer multiples, where
E is given by

E=exp(: (60X +~v2Z - QT)),

0, v and € are real constants for neutral stability, and Z represents the spanwise
variation on the O(R, %) scale. For any spanwise wavenumber + a pair 6 and Q may

be determined using the first order eigenrelation given by linear theory. At this point

a new time coordinate is introduced, namely T defined by

Q- .
T=_—_T=h?T.
M
This necessitates the inclusion of further terms in the skin friction in the neighbourhood
of the neutral time ¢y, as mentioned in Smith (1980); the correction to Smith (1979

b), so
t=to+h2{, A= /\+h2/\2 +0(h3), Q= +h292 +0(h3),

where Az = #(d)\/dt)|i=¢,- It is necessary to include the further terms in the Q form,
to satisfy the third order eigenrelation.

Now substitute the disturbance into the governing equations including the neces-
sary multiple scales approach for temporal derivatives. The equation of continuity at

successive powers of h becomes,
L, (U, 1,W;) =0, Ly (Ug, Vo, W2) =0, Ly (U3, V3,W3) = 0.
The streamwise momentum equation at successive orders yields,
Ly (Uy),Wh,P) =0,
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oU oU oU
Ly (Up, Vo, Pp) = (Ul 2+ Vi W1—1>,

0X Yy oz
oU oU U, oU,
Lz (Us, Va, Pr) = = == — VY 22 = Vide — Ui —Uhpg
oU, oU, oU, a oU,
V‘ay Vigy ~Wigz ~Waz
The spanwise momentum equation become,
L3(W17P1) = 07
oW, ow, oW,
Ly (W, Py) = Ul—a"k_ -" W W, 37
BW ow, oW, oW,
L3 (W3, Ps) = 5 — =AY —— X - U+ 3X - Uy X
oW, oW, ow, ow,
~Vigy “Vigy Wigg Wz
The operators Ly, L, and L3 are defined by,
au ov 6W
L, (U,V,W) = 6X+3Y+ 37
oU oUu 0P O*U
L2(U’V’P)-ﬁ+/\Y6X+/\V+6X R
ow 6W oP oW
LWP) =37+ ox * 3z ~ avr

The boundary conditions at successive orders are given by
U;i=V, =W, =0 at y=0 (:=1,2,3),
Uy - M, (X,2,T) as ¥ — 00,
U, —» M2 (X,2,T) as g — oo,

Us —’/\A3(X,Z,T)+/\2A1 (X,Z,T) as y — 00,

It is worth noting another significant discrepancy between this work and that con-
sidering a spatially growing boundary layer, that is the slow time derivative does not
come into the upper deck governing equations, as was noted in the linear section. Now

consider U; to be wavelike proportional to E and its conjugate denoted by E. The

first order disturbance field is now given by

Uy =0, (g,T)E+c.c., V1=I7,(g,T)E+c.c., Wl(, )E+cc,
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P =5 (T) E +cc., p1=pn (ﬂ,T) E +cec, A =A4A (T) E + c.c.,
where c.c. denotes complex conjugate and the disturbance quantities with tildes are

independent of X, Z, and T. By combining the first order equations the two governing

equations are obtained

W, . 1 Py 83U, o0, Ay s
—— 1 W, = 2L el D 2
where 9
=A3(§— — =1 2
E=A (y 0)‘) , A =10 (4.2¢)

At this point it is advantageous to introduce a further disturbance quantity that is

xij- The equations (4.2 a) and (4.2 b) may be manipulated and it is found that xi,

satisfies Py B
X1 X11
56 " Eor =0 (4.3a)
where
The solution of (4.3 a) together with a bounded condition at infinity yields,
x11 = By (T) Ai(¢). (4.3¢)
The three dimensional eigenrelation may now be obtained, namely
M2A' (&) = (iM)3 (6% +42) 7 , (4.4a)
as given in Hall & Smith (1984), where
o = — fh > and k= / Ai(q)dq. (4.4b,¢)
(0} :
1]

The neutral solution of the eigenvalue problem is given by
€o = ~2.208:3.
In this relationship @ is real and (4.4 a) yields
6% (62 +12)% = 1.001A3,
and,
0 = 2.2999% )%,

Thus for a particular spanwise wavenumber v, a pair § and §2; maybe obtained such
that neutrality is assured, a plot of the variation with v of 6 and £, is given in figure

3.
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Figure 3: Variation of 6 and §2; with ~.

The solution of the second order problem is now considered, the disturbance
quantities now contain second harmonic terms, the disturbance is taken to be of the
form

U, = EU + E“‘[]’,ﬁ) + EUp, + E—2ﬁ§§) + Uy,

with similar expansions for V3, Wa, P,, p; and A;. The terms proportional to E? are
considered and it is found that ([722, 1722, ng, 1522) satisfies the system

Va2

200,52 + 5 + 2iyWay = 0,
. - . - 27 - ot .~
~2iQUzq + A§2i0U2; + AVao + 2i0P,; — %;22 = —i00? - V, a_gl — iyWh Uy,
~ A~ A~ 2 i ~ ~ 7 ~
—2iQW,p + A§2i0W,y + 2ivPay — 6_3_”7‘;2_2 = —i0U, W, - %%l — iy W2,
Yy

along with boundary conditions
i’22=‘722=W22=0 at y=0,

(722 — /\./122 as g — oo.
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Again at this point it is advantageous to re-introduce x;;, this time y,; defined by
X2z = 210023 + 204 W2,

so the system becomes,

62X22
e

a 0 o2
~2¢ ;;2 :_(Xn ;{” +V 62(2”)'

The solution of which necessitates the introduction of £, given by £ = 2-3¢. Note that
it is not necessary to solve the equation to determine (021 , 1721 , Vi’gl , 1321), as it can be
seen that the governing equations for these quantities are the homogeneous equations
(4.2); the solution is a linear multiple of the first order solution. Now finally at this

order the mean adjustment components are determined by

A

5
- U AU 08U . (s on e
Moo = e = Vit _V]()—aj—zfy(W,()U]——WlU,( oF
W (i OF @\ @ Wi o W
- = —i6 (W90, - W, 0{?) - ¥, 55~V

with boundary conditions
ﬁz():f}zo:Wgo:O at g=0

By the usual substitution, that is x20 = 10Uz + i7Wag, it is shown that

Vao

5 =%
P x20 1 0 x11 2 xn 1 0 _
A 3¢5 =AW 3¢z - AN 3¢? +A§‘a-£‘(X11X11)-

Finally the third order equations are considered and again by elementary analysis it is
known that the third order quantities contain terms proportional to E3, E?, E' E9,

E' E? and E3, however, determination of the functions associated with E is sufficient
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to give the required amplitude eqaation. The functions (5’31 Vi Wiy, Pgl) are given

by the solution of the system

&PUs, _56031 _1 ot _
9E3 o€ _A% aT

% Ang) (A__E(?Ll Q] (95’1

i 47
Wa A% o A Of -a a)
AT OF ( (02207 + o)

. ~(C) -~
y (o000 | o OV | o 30 8T,
+A (Vl B¢ +h == T + Va2 T + Voo — o

+uy (2(72213/,(” - szﬁl(c) + W20WI)) )

+ —;% (2W22U(c) — Uy W( s UzoWI)
+ Zl—%— (vl(c) 61;?2 + ‘71 31;220 + 1722 612’:) + Vzo 6;‘6" )
+ ;7% (szvif,‘c’ + Wzowx) )

with boundary conditions
Upn=Vai=W3 =0 at §=0,

Usi = AMa; + M2 A1, as § — oo

We make the substitution x3; = 1003, + i7W3, and it is found that

Pxn LOxa 232)(11 L A2 1, S o 19
e~ toe 8 aar TAY (5“ Ao) T

+(é_’1‘__ 3X22__AV16X20 A3 32y, 3 3)(:1‘

5 X115 3¢z —-—2—V] 3¢ + A3V, 3¢

Ix 0
+A3 g{n X2z — AS xu )

We require a solvability condition for this equation (with the upper deck terms), which

yields

(fi? =01B1 + 7B, |Bl| N (45)
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where B; is the lower deck amplitude function, and where o, is an integral given
in the appendix (equation (A.1)). Note that o; may be thought of as a irequency
perturbation, and if o, = i, we may determine Q from the eigenrelation (4.4 a).
along with (4.4 b,c). If Q is replaced Q + h2Q and A by A+ kA (2 = Q, and A = A,).

we obtain the relationship,

(4.6}

Note that it is not necessary to calculate the value of o, as it has the same value
as in Hall & Smith (1984), where it is been assumed that X is unity. The velocity
field has been normalised so that %Hy:o = 1. Tlese results are for a single mode.
whereas Hall & Smith (1984) considered two modes, note that the value of ¢, (which

corresponds to o3, here) is independent of the second spanwise wavenumber thus,

4.2 3.9 3.6 3.3 3.0 2.7 2.4 21 1.8 1.5

B

—
[SV]

Tor

-0.0039 -0.0049 -0.0062 -0.0081| -0.0107] -0.0147 | -0.0214 | -1.0314 | -0.0515 | -0.0919 | -0.:

|
0

Table 1, v against o,,, as in Hall & Smith (1984).

Note that = ¢ (f— t,,) and A = X (to) (t~— t,,), hence the relationship (4.6)

becomes

N (to) (1.46912A%)

q1: =

A(to) (2297263 (62 +1%)* +5.2661281%)

where a superscript prime represents differentiation with respect to t. It is noted that
A (tp) < 0, thus €); > 0 after the neutral time f = t,,, as is expected from linear theory.

Note that by considering smaller disturbances unsteady effects may be incurred.
It is assumed that h is small, but not so small that the leading order effects described
in this scction are changed. In fact the calculations included in this section are appro-
priate to 1 > h > R, Tlg. The case where h ~ R, e is now considered, note that it

is similar to the case discussed in Hall & Smith (1984), for the spatial problem. It is
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_1
taken that h = HR. ™, with H of order one, and corresponding to a disturbance size

-3
of § = HR. ', and it is found that the nonlinear amplitude equation is given by,

dBl . e 1y —4 2
= =ia (—tl +i+TH )B, + 02B,|B1 ] (4.7)

The coefficients in this equations remain the same as in (4.5) so no further numerical
work is needed, the discussion of the solutions of this equation are included in section

6.

§5 The neutral stability characteristics

§5.1 Quasi steady flow stability in the triple deck (linear case)

Here we find the wave characteristics that can be determined from the eigenre-
lations (3.7 & 8). It should be stressed at this point that triple deck theory is only
applicable for R. >> 1, however we can compute the neutral wavenumber 6,, and
compare it with the Orr-Sommerfeld predictions. The eigenrelations (3.7,8a & b) are
unaffected by the boundary layer’s growth, so the condition of neutrality is realised
by ensuring that Q;, §2; and {3, are real.

To ensure that §1; and 6, are real we calculate the value of £, (defined in section
3.5), required to make the quantity Aig/ (:3k)(= #, = 1.00065) real. This occurs when
£o ~ —2.298i5 = —i3§,, which yields

=afget =k, 6 = adef = ad4,.
At this point we recall that \; = \/]—;t-; but 6, is a constant so we can think of this

expression as defining the neutral time,

After this time modes will exhibit temporal amplification, and the weakly nonlinear
analysis described herein will come into effect as the mode attains a finite amplitude.
It appears that the higher wavenumber modes will start to grow earliest, of course this
can be seen from figure 1. These results may also be interpreted in terms of the local
boundary layer Reynolds number, defined by Rs. = 2/+/7(tR.)?, where 2v/t//7 is

the displacement thickness. As noted in section 2, the Orr-Sommerfeld calculations
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are affected for t = 1/4 so that the value for the displacement thickness is 1/2,/r. We

can express the neutrally stable wavenumber in terms of this Reyvnolds number as

(o}
Lol N £

2%

T

9,1 = Ré“‘ .

ENITY

We now proceed to the second order eigenrelations, and note that

. 4 20 Ai
p=1-%  p=2 2hi
G 3 ﬁizﬂf

We require that 0, and 6, are real, and thus we find that
6, = 1.55721¢7%.

In order to determine the logarithmic wave characteristics we note that A3 = —1/(12v/7t?),
and we find that
851 = —0.56748¢7 5.

Subsequent terms in the expansion are effected by the growth of the layer, hence we
defer their discussion to the next section. We may combine the expressions for 6;, 6,
and 63 in order to predict the neutral wavenumber 6,, in terms of the local boundary

layer Reynolds number. We find that
_5 -1 1
6, = 1.0789R.* (1 + 3.37079R.* — 5.70354R.° In Rg- + - ) ,

this value is compared with the neutral value found from Orr-Sommerfeld theory, the
results are displayed in figure 4. In order to predict the upper branch we would need
to consider a more complicated structure in which the critical layer is distinct from

the viscous wall layer.
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Figure 4: Comparison of neutral wavelength, Orr-Sommerfeld and triple deck

The agreement is reasonable, but it should be noted that analysis relies on different

powers of the Reynolds numbers being distinct, however at the values of Rs. displayed
-1 -1

in figure 4, R;.? In Rs» and R,.* are not totally distinct. However, the triple deck

theory does appear to capture the lower branches characteristics.
§5.2 Unsteady effects on triple deck stability

In this section we discuss the effects that the boundary layer’s growth has on
the stability of the Tollmien-Schlichting waves. As has been mentioned several times
earlier, the evolution of the layer changes the characteristics at one order higher than
in the spatial case of Smith (1979 a), thus it is perhaps even more crucial in these
temporal cases that the layers evolution is included in the analysis. This is to be
expected, since during one spatial wavelength of the wave the boundary does not
evolve (spatially) as much as it would during one period (temporally). The leading
order effect of the boundary layer’s growth occurs in the eigenrelation (3.8 ¢), which
determines {23 and 6;.

We consider the total temporal derivative of a flow quantity &, and define its

growth rate as,
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We require that the quantity o is purely imaginary, which for a problem which does not
exhibit any temporal changes translates to ensuring that the Q’s are real. However,

we know that 8; — 9; + ¢~23r, so that
-2 . B 2 @t .
oc=¢€ —i); —efdy — ¢ IDEQ3L—E<*—$+ZQ3)+---].

Hence in order for ¢ to remain totally imaginary (to the order considered), we require

Imag (23) = —Real (%) .

Using this condition together with eigenrelation (3.8 ¢), we can determine #; and
[Real (Q3) — Imag (%)].

It is not clear as to which quantity should be used in order to represent the
disturbance’s growth. In Smith (1979 a) the wull pressure was used, and the results
which were obtained allowed enhanced agreement with the experiments of Ross et
al (1970). Smith noted that this implied that the boundary layer’s growth had a
stabilising effect, however if other quantities were chosen to represent the disturbance,
the conchisions could be the opposite. In Gaster (1974) and Eagles & Weissman
(1975), it was noted that the difficulty is in defining the instability in some absolute
sense, however this method should allow good agreement with a particular experiment
(in which the disturbance is measured using a certain quantity). We are not aware of
any experimental data concerning the susceptibility of a Rayleigh layer to Tollmien-
Schlichting waves. If, for example we take the wall layer normal velocity (V;) to be
representative of the disturbance, then the layers growth is seen to have a destablising
effect.

The reason for the enhanced agreement with experiment seen in Smith (1979 a),
is likely to have its origin in the size of the correction, it is now of order R, 5 which
is larger than that of Boutkier (1973) and Gaster’s (1974) (order R. %) successive
approximation technique. As mentioned previously our correction is of order R, :
which represents an even larger change, so we expect even better agreement between

the theory and experimental results.
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§6 Discussion of the weakly nonlinear stability.

The relationship between the equilibrium amplitude solutions of (4.5) and those

of the unsteady flow amplitude solutions of (4.7) is now considered. The latter as
—1

previously stated corresponds to a disturbance of size h ~ R, '*. The former is for

-t
larger disturbances where h > R. '®. Thus we are required to solve,

‘fi_f = iQ)B + 0, B|Bf?, (6.1)
and, B
= =i (—t,, + H-4T) B +0.B|B]?, (6.2)

where B = B, is the lower deck amplitude function as in (4.3 c¢). The first equation
(6.1) has the stable equilibrium solution,
Q.
2 _ t
Bl = 2, (63)

which bifurcates supercritically at ; = 0 from the zero solution for increasing Reynolds
number, where o5, is always less than zero as shown in table 1. Increasing the Reynolds
number corresponds to progressing through time, thus increasing ¢¢. The zero solution
is unstable beyond §2 equals zero, so any perturbation to this tends to the solution (6.3).
Now note that sufficiently close to the neutral time ¢, (specifically within A ~ R, s )s
the appropriate equation is (6.2). Drawing on the conclusions of Hall & Smith (1984)
we let B = pexp (i4), where p and ¢ are real functions of T. It was shown that the
large T behaviour of p is given by,
o BT Fo).
O2r

It may be seen from the numerical results of section 5 that ¢; and o2, are both always
negative. This equation implies that the large T behaviour may be inferred from (6.2)
neglecting the dB /7t term. This equilibrium solution corresponds to letting  — 0 in
equation (6.1), whi-h corresponds to the disturbance size being decreased. Thus the
interval over which unsteady terms induce a contribution to the amplitude equation
is crucial. In this interval a small disturbance (h ~ R, l—l‘g), develops smoothly into a
finite amplitude Tollmien—Schlichting wave. Only ‘later’ (that is for relatively large
time) does the amplitude tend towards the amplitude predicted by (6.1).
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§7 Conclusions

We have shown that in theory a Rayleigh layer is unstable to Tollmien-Schlichting
waves. An Orr-Sommerfeld calculation is performed and it is found that beyond a
certain Reynolds number, disturbances with fixed spatial wavenumber comparable to
the displacement thickness are temporally unstable. As the Reynolds number increases
further the structure of the neutral modes can be described by a triple deck method,
and eigenrelations are calculated and used to determine the wave characteristics. A
multiple scales technique is used to determine the effect of the growth of the layer on
the waves’ stabilities. In summary it is found that this depends on which quantity
is chosen to represent the waves intensity. A Stuart—-Watson amplitude equation was
derived in the neighbourhood of the neutral time, and the waves were found to bifurcate
supercritically from the zero solution. An amplitude is found that represents a crucial
stage in the development of the wave, this pahse allows the wave to evolve smoothly
from its linear stage to its equilibrium amplitude.

Although this work in this paper represents fairly minor modifications to various
earlier papers; the methods are applied to an entirely different physical problem. It
will be of interest to determine whether the upper branch modes can also be compared
with the Orr-Sommerfeld calculation. The calculation will be solved using the methods
discussed in Bodonyi & Smith (1981), wherein the effect of non-parallelism on upper
branch Tollmien-Schlichting waves in a Blasius boundary layer is discussed. The upper
branch problem is far more complex, since the critical layer is distinct from the wall
layer. Within the context of this spatially homogeneous problem it will be interesting
to find what acoustic radiation may be generated by these waves, and whether the
waves on the upper branch or the lower branch of the neutral curve produce the most

sound. The noise can be calculated using methods similar to those discussed in Tam

& Morris (1980).
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Appendix

The double integral o involved in the weakly nonlinear calculation occurring in equa-

tion (4.5), is given by

1 (6% + 72)% T d
= 1 - LG d "_‘LG ]
7 6(62 + v2)* Ai(&) — Ai" (&) 1A €/ (ada o )

(A1)
where the function G{(£) is given by,

(g

3
GO =234 o | 5 [ Ai@deti (&) / / £i (q) dodg

&o §o &o
¢
/ Ai(q) dgAi (€) + / / Ax(q)dqdqa”;‘
&o
] 13 1 £ &
+| 57 AL (F @)+ 5p [ [ A0 gL (@)
o §o €o
) 3 ) £ € oA
2_/1; (F(Q))qul(5)+2—%//L2(F( 0)) da e
§o &o &o

- a3 / / A©dgae ST + A ©OH© |,

0% (62 +72)% %T (F(&))dE - éai (F (50))
= & ,
@ 4(62 + )t & [ Ai(q)dg + 2881 (&)
§o

and the form of F(£) included in the integral o(,) is given by,

F(e) == j Ai(g) dgAi (€) - i j A€ dsdea”“ ,

&0 &o
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the function H(&) is given by,

O H (§) A-3 ] BAx
. = 3 13 d — — 3 A
36 //Al(q) qd{ // i(q)dgdé >
€o $o §o o
6 (AI(E)AI(E)))
where the operators L and L, are defined as,
_0%% ,0¢
_9 5¢

The terms c.t.), occurring in equation (3.8), that is those due to the second order

basic flow terms, are given by

ctae= A" z’f/f - ini gL,

where f(€) as given in section 3.5.

The terms due to non-conventional analysis in equation (3.8), are

-1 .
n.t = 1 9B, (Ai:)A 5.91 - iAi:)") + _1_.(2& (—A_%Ai"elﬂl _ Q]Aigw))

31 ot A2 Q, ot 0 )2
10\ 02 HoA—1 01 " .(iv) Q] 1 01 (vi)
+:\-~a—t(—'TAlo +Q]A A 3A—— A3 Al +A10 ?——5TA +-13A A .

(A4.2)
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